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Differential NNLO

A young and promising field in the LHC era
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Introduction
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Motivation - why NNLO?

Precision QCD requires computations beyond NLO in certain cases

[0 NLO corrections are large:

Higgs production from gluon bp - (274X
fusion in hadron collisions o ‘ B ‘ g
- i

[0 the main source of uncertainty in g E
extracting info from data is due to § Wb 1o B
NLO theory: 3
s measurements €S wl e 1

M/2SpseM

[ reliable error estimate is needed: o X . ! ;
precise measurement of parton !
luminosities (Anastasiou, Dixon, Melnikov, Petriello,

Phys. Rev. D69 (2004) 094008.)
In short, NNLO is relevant when NLO fails to do its job

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 5



Motivation - why jets at NNLO?
Jets are essential analysis tools at LHC: precise understanding is needed

[0 status at LHC: looks good. ..

CMS L =34pb’ \s =7 TeV
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(CMS Collaboration, Phys. Rev. Lett. 107 (2011) 132001.)
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Motivation - why jets at NNLO?

Jets are essential analysis tools at LHC: precise understanding is needed

[0 status at LHC: looks good. .. but have a closer look!
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(CMS Collaboration, Phys. Rev. Lett. 107 (2011) 132001.)
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Motivation - why jets at NNLO?
Jets are essential analysis tools at LHC: precise understanding is needed

[0 status at LHC: looks good. .. but have a closer look!

[J jet energy scale uncertainty of ~ 5-10 % warrants precision physics
[J precision prediction for ‘standard candles’: inclusive jet, V + jet, ...
[J missing piece for precise determination of pdf's

[0 NLO is effectively LO: energy distribution inside jet cones, jet p.
asymmetry, ...
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Status

Processes measured to few precent accuracy
0 ete™ —3j

ep — (2+1)j

pp—j+ X

pp— V

pp— V +j

pp — tt

O O0Oo0oogoaog

Processes with potentially large radiative corrections

U pp—H
O pp—H+J
0 pp—> VV
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Status

Processes measured to few precent accuracy
O ete” =3j0

ep— (2+1); 0

pp—j+X 0O

pp — V [

pp— V+,0

pp — tt [

O O0Oo0oogoaog

Processes with potentially large radiative corrections

U pp—HO
O pp—H+; O
O pp— VW O (VW =1ry)
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NNLO ingredients

A generic m-jet cross section at NNLO involves

. “O000000POOVO00
[J Tree-level squared matrix elements g‘
. . . JoTTETTT
with m + 2 parton kinematics E
known from LO calculations gwuww
‘doubly-real’ contribution (RR)
[0 One-loop squared matrix elements “TTEEPTTLTTITOT
with m + 1 parton kinematics 3 b
P . b Soooe
usually known from NLO calculations b= b
‘real-virtual’ contribution (RV) TTTHTTTTOTTO
[J Two-loop squared matrix elements
. . . TEOEPOCPOOIOTO
with m parton kinematics 3 g g
known for all massless 2 — 2 processes Q 9 g
‘doubly-virtual’ contribution (VV) 2 9 g
THVOOV00000000>
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NNLO ingredients

A generic m-jet cross section at NNLO involves

. “O000000POOVO00
[J Tree-level squared matrix elements g‘
. . . JoTTETTT
with m + 2 parton kinematics E
known from LO calculations gwwuw
‘doubly-real’ contribution (RR)
[0 One-loop squared matrix elements “TTEEPTTLTTITOT
with m + 1 parton kinematics 3 b
P . b Sooso
usually known from NLO calculations 9 9
‘real-virtual’ contribution (RV) TTTHTTTTOTTO
[J Two-loop squared matrix elements
. . . TEOEPOCPOOIOTO
with m parton kinematics 3 g g
known for all massless 2 — 2 processes Q2 9 g
‘doubly-virtual’ contribution (VV) 2 9 g
THVOOV00000000>

Assuming we know the relevant matrix elements, can we use those matrix
elements to compute cross sections?
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The problem - IR singularities

Consider the NNLO correction to a generic m-jet observable

NNLO RR
[ea = / dO’m+2 Jm+2 +
m+2

Doubly-real

dU,FﬁEszu
Tree MEs with
m + 2-parton
kinematics

kin. singularities as
one or two partons
unresolved: up to
O(e™*) poles from
PS integration

no explicit € poles

m+1

Real-virtual

RV
d0m+1 Jm+1

One-loop MEs with
m + 1-parton
kinematics

kin. singularities as
one parton
unresolved: up to
O(e™?) poles from
PS integration

explicit € poles up
to O(e?)

doBY i1 + / doyY Jm .

Doubly-virtual

do ¥V Jm

One- and two-loop
MEs with m-parton
kinematics

kin. singularities
screened by jet
function: PS
integration finite
explicit € poles up
to O(e™)
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The problem - IR singularities

Consider the NNLO correction to a generic m-jet observable

oNNLO — / Ao Jpio + doBY  Imi1 + / doyV Jp .
m+2 m

m+1

THE KLN THEOREM

Infrared singularities cancel between real and virtual quantum corrections at the
same order in perturbation theory, for sufficiently inclusive (i.e. IR safe)
observables.

HOWEVER

How to make this cancellation explicit, so that the various contributions can be
computed numerically? Need a method to deal with implicit poles.
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Approaches

SECtOI’ decomposition (Binoth, Heinrich; Anastasiou, Melnikov, Petriello; Czakon)

O

extract € poles of each contribution (RR, RV, VV) separately by expanding
the integrand in distributions

resulting expansion coefficients are finite multi-dimensional integrals,
integrate numerically

cancellation of poles numerical, depends on observable

first method to yield physical results, but can it handle complicated final
states?

Subtraction (Catani, Grazzini; Cieri, Ferrera, de Florian; Gehrmann, Gehrmann-De

O

Ridder, Glover; Weinzierl; Del Duca, Trécsanyi, GS)
rearrange the poles between real and virtual contributions by subtracting
and adding back suitable approximate cross sections

cancellation of explicit € poles achieved analytically, remaining PS integrals
are finite

nice properties (generality, efficiency) expected form experience at NLO

definition of subtraction terms is not unique, hence several approaches:
g1, antenna, local
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Approaches

Sector decomposition

(Binoth, Heinrich, Anastasiou,
Dixon, Melnikov, Petriello,
Czakon)

0 first method to yield
physical cross
sections

0 cancellation of
divergences fully
numerical

0 cancellation of poles
also, and depends on
jet function

0 can it handle
complicated final
states?

g1 subtraction

(Catani, Grazzini, Cieri, Ferrera,
de Florian, Tramontano)

O exploits universal
behavior of g
distribution at small
q.L

0 efficient and fully
exclusive calculation

0 limited scope:
applicable only to
production of
massive colorless

final states in hadron

collisions

Antenna subtraction

(Gehrmann, Gehrmann-De Ridder,
Glover, Heinrich, Weinzierl)

0 successfully applied
toete™ =2, 3j

0 analytic integration
of antennae over
unresolved phase
space is understood

U counterterms are
nonlocal

0 treatment of color is
implicit

0 cannot cut factorized
phase space
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Approaches

Is the agreement between antenna implementations satisfactory? (Weinzierl)
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Why a new scheme?

Goal: devise a subtraction scheme with

[J general and explicit expressions, including color
(view towards automation, color space notation is used)

[ fully local counterterms, taking account of all color and spin correlations
(mathematical rigor, efficiency)

[J option to constrain subtractions to near singular regions
(efficiency, important check)

[J very algorithmic construction
(valid at any order in perturbation theory)
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Basics of subtraction
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Subtraction - a caricature

Want to evaluate (at € — 0)
. doB(x) = x~17¢R(x)
o= / do®(x) + oV where R(0) = Ry < o0
° oV =Ry/e+V

[J define the counterterm

doB®A (x) = x"17¢Ry

[0 use it to reshuffle singularities between R and V contributions

o /1 do® () _do_R,A(X)] L {UV +/: do’R’A(X)}

Ro Ro
= 1+€ - tV-
X e=0 € Je=0

:/0 LX)X +V

The last integral is finite, computable with standard numerical methods.

e=0

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 13



The issue of locality

In a rigorous mathematical sense, the cancellation of both kinematical
singularities and e-poles must be local. l.e. the subtraction term must have the
following general properties

O it must match the singularity structure of (singly- and doubly-) real
emissions pointwise, in d dimensions

O its integrated form must be combined with the (real- and doubly-) virtual

cross section explicitly, before phase space integration; e-poles must cancel
point by point

What about singular terms in the real emission cross section that cancel upon
phase space integration (e.g. azimuthal correlations in gluon splitting)?

[J they cancel upon integration in d dimensions, the corresponding four
dimensional integrals are ill-defined

0 it is mandatory to treat these terms, since naive numerical integration (in
four dimensions) can give any result whatsoever

LI however, can be treated with methods other than strict local subtraction,
e.g. auxiliary phase space slicing (as in antenna subtraction)
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A more efficient subtraction scheme?
Want to evaluate (at € — 0)
. doR(x) = x~17R(x)
o= / do®(x) + oV where R(0) =Ry < o0
’ oV =Ry/e+V

[0 define the counterterm

doRA (x) = x"17¢R,

[J use it to reshuffle singularities between R and V contributions

L /01 [do’R(X) B daR,A(X)] Lt |:O'V N /01 daR‘A(X)}

1 _
Ny LORLO v
0 xite e=0 € € Jle=0

:/IR(X)—R0+V
0

X

e=0

The last integral is finite, computable with standard numerical methods.
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A more efficient subtraction scheme?
Want to evaluate (at € — 0)
. doR(x) = x~17R(x)
o= / do®(x) + oV where R(0) =Ry < o0
’ oV =Ry/e+V

[J define the counterterm to be nonzero only near singular region

do™A (x) = x 1Ry ©(xp — x)

[J use it to reshuffle singularities between R and V contributions
1 1

o :/ [daR(x) — dota (X)] + {UV +/ doft (X)}
0 € 0

LTR(x) — Ry©®(x0 — R R
= / { () 0O00 X)} + [—0 + V- 0 + Ro log xo + O(el)}
0 x1te =0 € €

e=0

e=0

IR — Ry©® —
:/ (X) 0 (XO X) + V + Ry log xo
0

X

The last integral is finite, computable with standard numerical methods.
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A more efficient subtraction scheme?

It is sufficient to perform subtraction only near the singular region

0 gain in efficiency: subtraction term only needs to be computed over a
fraction of phase space

0 strong check: final result is independent of value of phase space cut

a

analytical integration of subtraction term more difficult (extra scale
involved)
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Local subtraction at NNLO
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Structure of the NNLO correction

Rewrite the NNLO correction as a sum of three terms

NNL NNL NNL NNL
o OC=¢ +a -l—cr O’m+20+0'm+o+0'm o
each integrable in four dimensions
NNLO RR RR,A RR,A RR,A
m+2 / ) {dO’m+2Jm+2 - dam+2 2_],,-, — do‘m+2 1Jm+1 — do‘m+2 12Jm
m+

RRA RV,A RR,A
- [ (s [ s o ([ )
m:

Im+2

m+1

oNNLO /{davv+/ ,1:32,A2 _dUII:SZ,Au] +/ [dchv,A1 4 /d RR A1
1

m+2

)
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Structure of the NNLO correction

Rewrite the NNLO correction as a sum of three terms

NNL NNL NNL NNL
g ©=0o +U +U Um+20+ m+o+‘7m ©
each integrable in four dimensions
NNLO RR,A. RR,A RR,A
NN] / {a0RB iz — dopt5 2 m — [domi™ iy = dop 52 0
m+2
NNLO RR A1 RV,A, RR A1 Aq
Tm+1 / { dop¥ +/d Tmya | Imi1 = |dop g + d Tm+2 Im
m+1
oNNLO vV LRy RR,Ap RV,A; RR A1 Ay
/ {dO’ +/ m+2 _dam+2 + 1 do’m-%—l + d m+2 J’T’
1. doRBte

mto - regularizes the doubly-unresolved limits of doi,

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 17



Structure of the NNLO correction

Rewrite the NNLO correction as a sum of three terms

NNL NNL NNL NNL
g ©=0o +U +U Um+20+ m+o+‘7m ©

each integrable in four dimensions

NNLO RR RR,A RR,A RR,A

o / {a0RB iz = dop 5™ dm — [dopis™ i1 — dopt 512 0
m+2

SNNLO RR A1 RV,A; RR A1 Ay

Tm+1 / { dop¥ +/d Tmya | Imi1 = |doy g + d Tm+2 Im
m+1

NNLO \a% RR,A2 RR,Aq, RV, A, RR A1 Aq

/ {dO’ +/ m+2 _dam+2 + 1 dam+1 + d m+2 J’T’
1. doRfte

mio _ regularizes the doubly-unresolved limits of doi,

2. dam+2 ! regularizes the singly-unresolved limits of dam+2
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Structure of the NNLO correction

Rewrite the NNLO correction as a sum of three terms

NNL NNL NNL NNL
g ©=0o +U +U = Om+ 20+0m+o+0m ©
each integrable in four dimensions
NNLO RR RR,A RR,A RR,A
Omt2 / {do’m+2Jm+2 —do, 5 dm — |do, 5 P dmir —dop, 12y
m+2
SNNLO RR A1 RV,A,; RR A1 Ay
Om+1 / { dO’ +1 +/d O m42 m+1 - d0'm+1 + d O m42 Im
m+1
NNL RR,A RR,A RV,A RR,A
Tm © :/ {da-xv +/ [dam+2 2 _dam+2 12] +/ [dam+1 '+ /d O mi2 1 1] }Jm
m 2 1

1. dam+2 Az regularizes the doubly-unresolved limits of da&ﬁ
2. dam+2 ! regularizes the singly-unresolved limits of dofis

RR,A RR,A
12 1 2432
3. dam+2 accounts for the overlap of do,, " and do,,;
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Structure of the NNLO correction

Rewrite the NNLO correction as a sum of three terms

NNLO NNLO NNLO NNLO
o = + a 1+ cr =Omi2  +O0mi1 +0nm

each integrable in four dimensions

NNLO RR RR,A; RR,A; RR,A;,
oNNI / . {a0RB iz = dop 5™ g — [dois™ dmir = o512 0
m

RRA RV,A RRA
w0 = [ {larit [[arlih o = [agpVit + ([ aoiih )M}
m+1

NNLO _ /m { do¥V ¢ /2 [ doRhe daﬁéAu] + /1 [da}:‘_:iAl + / do 552/\1 1]}Jm

dam+2 A2 regularizes the doubly-unresolved limits of doi

dam+2 ! regularizes the singly-unresolved limits of dofis
RR,A RR,A
212 accounts for the overlap of do,5 ' and do 2

d‘7m+2 m+2

1

> L o=

dam+1 regularizes the singly-unresolved limits of da}m
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Structure of the NNLO correction

Rewrite the NNLO correction as a sum of three terms

O_NNLO —_ + O’ +0_ O_NNLO + NNLO +0_[1:1TNLO

m+2 m+1
each integrable in four dimensions

NNLO RR RR,A; RR,A; RR,A;,
oNNI / . {a0RB iz = dop 5™ g — [dois™ dmir = o512 0
m

o0 = [ ook ool s i+ ( [ambEg) o}

O',I;TNLO _ /m {da;l\/ _1_/; [do_::z,Az _ do_,F:_F:QyAu] +/1. [dO',F:XiAl + (A\dasiéA1)A1] }Jm

dam+2 A2 regularizes the doubly-unresolved limits of doi

dam+2 ! regularizes the singly-unresolved limits of dofis

RR,A; RR,A,
mis  and dogs

A

dam+2 accounts for the overlap of do

1

dam+1 regularizes the singly-unresolved limits of da}m

(f,d ,P:EZAl ' regularizes the singly-unresolved limit of [ do

o > W o=

RR,A;
m+2
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Defining a subtraction scheme

Strategy: IR limits are process independent and known

1. Start from defining the subtraction terms based on IR limit formulae

they are trivially general, explicit and local
done some time ago (2006) for colorless initial states

2. Worry about integrating them later

since this is in principle a very narrowly defined problem, given 1.
but in practice is very cumbersome, due to lack of technology
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Defining a subtraction scheme

The following three problems must be addressed

1. Matching of limits to avoid multiple subtraction in overlapping singular
regions of PS. Easy at NLO: collinear limit + soft limit - collinear limit of
soft limit.

1
AMO 2= {Z 5Cir+8r - > C,-,S,} MO P
i i#r i#r

2. Extension of IR factorization formulae over full PS using momentum
mappings that respect factorization and delicate structure of cancellations
in all limits.

{PYmir =+ Bt démi1({P}ms1i Q) = dém({B}m: Q)[dp1,m]
{Pymiz == {BYm = déms2({P}miai Q) = dém({B}m: Q)[dP2,m]

3. Integration of the counterterms over the phase space of the unresolved
parton(s).
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The need for extension

IR limit formulae are only well-defined in the strict limit. E.g.
O collinear: Cjr is a symbolic operator that takes the pi||pr limit

0 14 0
Cirl Mo (pr, pro )P = 8masy® — Py (ai 21 ki €) © ML, (pir - )P

ir

[ soft: S, is a symbolic operator that takes the p, — 0 limit

€ 1
Se MG o(pr.- )P = —8rasi® D SSi(IMEL (1 (K-
ik

NOTICE

0 momenta in factorized ME's on the r.h.s. conserve momentum and/or
mass shell conditions only in the strict limit

[J arguments of AP splitting functions, e.g. momentum fractions z;, z. and
transverse momentum k, are only defined in the strict limit

HENCE

[0 must specify precisely momenta entering factorized ME's away from limit
[0 must define z;, z- and k; away from limit
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Defining a subtraction scheme

Specific issues at NNLO

1. Matching is cumbersome if done in a brute force way. However, an
efficient solution that works at any order in PT is known.

2. Extension is delicate. E.g. counterterms for singly-unresolved real emission
(unintegrated and integrated) must have universal IR limits. This is not
guaranteed by QCD factorization.

3. Choosing the counterterms such that integration is (relatively)
straightforward generally conflicts with the delicate cancellation of IR
singularities.
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NNLO subtraction terms - an example

MESSAGE

[0 Subtraction terms are defined completely explicitly for any number of jets.

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 21



NNLO subtraction terms - an example

. . RR,A .
Double collinear counterterm: among others, in do /3> we find

COV({p)) = @Bras ) (1= i - )~ ™00 - oy — ay.)
SirSjs

M ABYI) Br (20, 20 KL € Prt (262 21,50 KLt )M ({BYT5)))
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NNLO subtraction terms - an example

. . RR,A .
Double collinear counterterm: among others, in do /3> we find

0 ({p}) = (Brasu®)? —— (1 — air — ) ~U™MIO(ap — e — as)

SirSjs
M ABYI) Br (20, 20 KL € Prt (262 21,50 KLt )M ({BYT5)))

[ collinear poles: s sjs
S/</=2pk~p/7 k,l:i,r or j,S
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NNLO subtraction terms - an example

. . RR,A .
Double collinear counterterm: among others, in do /3> we find

P ({p}) = Bras® ) ——(1 — iy — a;s)~“™IO(ag — air — avjs)

SirSjs
(M(O)({ } irijs) )‘Pff (Zr iy Zi,ry kL iri E)Pffs(zs,ja Zj sy kl,_,,sv C)JM }(l”s)»

[ Altarelli-Parisi splitting functions: Py, Pry,
YkQ

Zy = ———, Kk, =Cipl = Gk +Cubly, kI =i,r or js
Y(khQ
with Vil Vil
Ch,t = zk) — ———, Cu = —— (21,6 — zk,1)
QKIY(k1)Q QYo
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NNLO subtraction terms - an example

. . RR,A .
Double collinear counterterm: among others, in do /3> we find

P ({p}) = Bras® ) ——(1 — iy — a;s)~“™IO(ag — air — avjs)

SirSjs

x (M UBY) Prr, (2., 21, ki VP (26, 250 KL j s &)l MP ({B}r))

0 mapped momenta: {f’}(ir;jS) = {[317 R ﬁfh RN} ijjsa T ﬁm+2}m

1
~pL i “w i H H
py,=—(p, + —aQY), k,I=1i,r or j,s
ki l—a,-,—ajs( k TP k@) J

/3#:7/3#7 n7£i7r7j7s
1_O‘ir_ajs

with

1 . .
Qg = 5 [Y(kI)Q — y(zkl)Q — A4yl , k,/=1ir or j,s
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NNLO subtraction terms - an example

. . RR,A .
Double collinear counterterm: among others, in do /3> we find

(1 — air — ajs)~4™)O(ap — air — )

P ({p}) = (Brasp®)?
SirSjs

< AMSDABYI) Br (20, 20 KL € Prt (262 21,50 KLt )M ({BYT5)))

[0 constrain subtraction to near singular region: ©(ao — air — js)

0<ap<1, ap = 1: subtract over full phase space
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NNLO subtraction terms - an example

. . RR,A .
Double collinear counterterm: among others, in do /3> we find

OO ({p}) = (8rasu®) (1 = ay — aze) 4™ IB(a0 — o — )

SirSjs

< AMDABYI) Br (20, 20 KL € Prt (262 21,50 KL st )M ({BYT5)))

00 make integrated counterterm m-independent: (1 — ajr — ajs)’d('";e)J

d(m;e):2m(1—e)—2d0, do=D0+d16, D022
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NNLO subtraction terms - an example

. . RR,A .
Double collinear counterterm: among others, in do /3> we find

P ({p}) = Bras® ) ——(1 — iy — a;s)~“™IO(ag — air — avjs)

SirSjs
O) ) (i) e N

x <M(m>({p}<"-ff>)|Pﬂf,(z,,,-,z,-,,,kl,,-,,;e)Pf,fs(zs,,-,z,-,s,m,s, M ({By )
The complete approximate cross section is a sum of such terms

RR,A,

d0'm+2

= d¢m[dp2]A2|/V1m+2|2

where

ros#r N i#r,s J#i,r,s
(0,0 0,0
- Z [Eclrsaglrs + Z 2CI(jS(SI(5 ) + ClrsS( 0 + (SI( 58( )
i#r,s j#i,r,s
- Z Clr jsSfS Clrscslr 58( ):| }
J#lms
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NNLO subtraction terms - general features

Based on universal IR limit formulae
O Altarelli-Parisi splitting functions, soft currents (tree and one-loop, triple
AP functions)
[0 simple and general procedure for matching of limits using physical gauge
[J extension based on momentum mappings that can be generalized to any
number of unresolved partons

Fully local in color ® spin space

[J no need to consider the color decomposition of real emission ME’s

[J azimuthal correlations correctly taken into account in gluon splitting

[J can check explicitly that the ratio of the sum of counterterms to the real
emission cross section tends to unity in any IR limit

Straightforward to constrain subtractions to near singular regions

[0 gain in efficiency

[0 independence of physical results on phase space cut is strong check

Given completely explicitly for any process with non colored initial state
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The tedious part: integrating the counterterms
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Basic setup

Momentum mappings used to define the counterterms

R (-
{p}n+p — {p}n
implement exact momentum conservation
recoil distributed democratically (can be generalized to any p)

different collinear and soft mappings (R labels precise limit)

O Odgo

exact factorization of phase space
dénis({P}: Q) = déu({B}S”; Q)Idpi)]
Counterterms are products (in color and spin space) of

O factorized ME's independent of variables in [dp,(,f?,,)]

O singular factors (AP functions, soft currents), to be integrated over [dpf,',?,,)]
Strategy for computing the integrals

[] explicit parametrization of factorized phase space leads to parametric
integral representations

[J evaluate the parametric integrals
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Types of integrated counterterms

NNLO correction is the sum of three terms

NNLO __ RV VV _ _NNLO NNLO NNLO
o — Y“m+42 + Um+1 + Om = Um+2 + 0m+1 + Om

each integrable in four dimensions

RR,A RR,A RR A
0':1:11-1%\—]21‘0 /+2 {d05§2Jm+2 - dam+2 2Jm - [d0m+2 lJm+1 da 12_] ]}
m
RR,A RV,A RR,A
rlj-lf%o /+1{ d0m+1 +/d0m+2 I]Jm+1 - [d Tm+1 ' + (/da I)Al]Jm}
m

T m+1 O m+2

GNNLO / {davv+/ SEZ,AQ _dUIPT:EZ,Au] _,./; [d RV,A; (/d RR,Al)Al]}Jm
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Types of integrated counterterms

NNLO correction is the sum of three terms

NNLO __ " VV _ _NNLO NNLO NNLO
o — Y“m+42 + Um+1 + Om = Um+2 + 0m+1 + Om

each integrable in four dimensions

NNLO RR RR, Ay RR,A; RR A12
oNNI / y {do8dmiz2 — Ao dm — [don 5™ dmia — dopt5™2
m

A A A
o0 = [ {[aryt [aris N g = [aolVih + ([ aohh )M}
m+1
A A A A
o300 = [ faok+ [ [aoste —aotihe] + [ ol ( [ aos )]
1

T m+2

[J tree-level and one-loop singly-unresolved integrals
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Types of integrated counterterms

NNLO correction is the sum of three terms

NNLO __ RV VV _ _NNLO NNLO NNLO
o m+2 + Um+1 + Om = Um+2 + 0m+1 + Om

each integrable in four dimensions

NNLO RR RR, Ay RR,A; RR A12
oNNI / y {do8dmiz2 — Ao dm — [don 5™ dmia — dopt5™2
m

NNLO

RV,A RR,A
oNN] / {[aoRV, +/dam+2 omer = [donyi™ + (/do- DA
m+1
GNNLO vV SRRA RR,A RV,A RR,A;\ A
/{dU +/ T m+2 2_d‘7m+2 12I +[[d0m+1 1+(f1d‘7 1) ! }J'"

m+2

[J tree-level and one-loop singly-unresolved integrals

[ tree-level iterated singly-unresolved integrals

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 25



Types of integrated counterterms

NNLO correction is the sum of three terms

NNLO __ R RV VV _ _NNLO NNLO NNLO
o - 0m+2 + Um+1 + Om = Um+2 + 0m+1 + Om

each integrable in four dimensions

NNLO RR RR, Ay RR,A; RR A12
oNNI / y {do8dmiz2 — Ao dm — [don 5™ dmia — dopt5™2
m

RR,A RV,A RRA
0= [ {far e [anh o = oo+ ([ arh) N an)
m+

GNNLO / {davv+/ }:Jlszz dU,P,:EéAu] _,./; [d RV,A; (/d RR,A1>A1]}Jm

I m+1 T m+2

[J tree-level and one-loop singly-unresolved integrals
[ tree-level iterated singly-unresolved integrals

[J tree-level doubly-unresolved integrals
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Types of integrated counterterms

NNLO correction is the sum of three terms

NNLO __ R RV VV _ _NNLO NNLO NNLO
o - 0m+2 + Um+1 + Om = Um+2 + 0m+1 + Om

each integrable in four dimensions
NNLO RR RR,A RR,A RR A
oNNI / {dam R Jmia — doA2 g — [domBA g — otz g,
m+2

NNLO

RV,A RR,A
Om+1 / { d0m+1 +/d0’m+2 ]Jm+1 — [d0m+1 14 (/da I)Al]-/m}
m+1
NNLO \AY RR,A RR A RV A RR,A;\ A
/ {da +/ I m+2 : I m+2 12I / T m+1 ! (/;do’ 1) 1] }Jm

m+2

[J tree-level and one-loop singly-unresolved integrals
O tree-level iterated singly-unresolved integrals

[J tree-level doubly-unresolved integrals
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Phase space integrals - an example

MESSAGE

O The integral is (very) difficult, but the result is numerically (very) simple.

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 26



Phase space integrals - an example

Abelian soft-double soft counterterm: among many others, in dU:ﬁ‘Au we find

ab 6 1 n ~
(5:89)" = @rasi®)* 3 £ Sa@MSi(OIME); 4B
isskyl

X (1= y1@) %"= (1 — y;0)% =190 (yo — y:)®(y0 — ¥iq)

The set of m momenta, {p}, is obtained by an iterated mapping which leads to
an exact factorization of phase space

{Phmiz =5 Bl —2 (B} dbmia({p}; Q) = dm({P}; Q)[dBr.ml[dPrmi1]

m+2
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Phase space integrals - an example

Abelian soft-double soft counterterm: among many others, in dU:ﬁ‘Au we find

ab 6 1 n ~
(5:89)" = @rasi®)* 3 £ Sa@MSi(OIME); 4B
isskyl

X (1= y1@) %"= (1 — y;0)% =190 (yo — y:)®(y0 — ¥iq)

The set of m momenta, {p}, is obtained by an iterated mapping which leads to
an exact factorization of phase space

{Phmiz =5 Bl —2 (B} dbmia({p}; Q) = dm({P}; Q)[dBr.ml[dPrmi1]

Then we must compute

N as 2\ .
/ [dB1,m][dp1,ms1]S:SY = {Zse <%) } D 188t ME o {BDF

ik

where [Stsﬁf)],-kj, = [StSS?)]ikj[(pf, Pk Pj, Pi, €, Yo, dg) is a kinematics dependent
function.
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Abelian soft-double soft integral

For simplicity, consider the terms in the sum where j =i and | = k: [StSES)],-k,-k.
Kinematical dependence is through cos xix = £(pi, px), we set
cos xik =1 —2Y q.

Using angles and energies in some specific Lorentz frame to parametrize the
factorized phase space measures, [dp1,m] and [dp1,m+1], we find that [Sthg)],-k,-k
is proportional to

11
T (Yie 016, y0, d) =

4T*(1 —€) By, (—2¢,d} + 1) Yo L ,
_ 2( ) By 0 Y,-k,o/ dy y~172¢(1 — y)d—t+e
w2(1 —¢) € 0

X /1 d(cos ¥) (sin9)~2¢ /1 d(cos ) (sin @) 1724 [£(9, ¢; 0)] -t [F(9, ¢; Yik,Q)]71
—1 —1

X [Y(, 9, ¢ Yi,o)]  2Fi(—¢,—¢,1— 6,1 = Y(y,9,¢; Yi,Q))

where
£(9,0; Yie,@) =1 — 24/ Yi,o(1 — Yik,@)sind cos o — (1 — 2Yj g)x cos ¥
4(1—y)Ya,
Y(y,9,0:x) = Lt

21 —y)+y (@, 0)]2(1 —y)+y f(9,¢; Yik,Q)]

)
N
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Abelian soft-double soft integral

This integral is equal to

1 1 _
Igl)(ﬁk,o;eyyo,dé)Zg—Q In(Yi,0) +Z(y0, Do) +Z(y0, Dy —1) 5 10(e %)

where D§ = dj|e=o and the dependence on the PS cut parameter, yq, enters in

E(z.N) =lInz - YN, 02"

Higher order expansion coefficients computed numerically (yo = 1, Dy = 3)

Order: ¢ Order: € Order: €

I (Yiegieyo = 1,dy = 3)
Ly =3)
" (Yigie yo = 1,dg = 3)

I (Yigiem

o o 0
10° 107 10° 10° 10* 10° 1° w0 1 10° 107 10° 10° 10" 10° 10° 10 1 10° 107 1° 10° 10' 10° 10° 10 1
Yiea Yinq Yo
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Analytical vs. numerical

As a matter of principle

[0 Rigorous proof of cancellation of IR poles requires poles of integrated
counterterms in analytical form.
[0 Analytical forms are fast and accurate compared to numerical ones.

However

O Analytical results show (in all cases where they are available) that
integrated counterterms are smooth functions of kinematic variables.

Hence

[0 Numerical forms of integrated counterterms are sufficient for practical
purposes. Final results can be conveniently given by interpolating tables or
approximating functions computed once and for all. Thus, efficient
implementation is possible even if the full analytical calculation is not
feasible or practical (e.g. finite parts of integrated counterterms).

[ In particular, suitable approximating functions may be obtained by fitting.
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Example of approximation by fitting

Doubly-unresolved soft-collinear master integral Ig;) (x,Y;€)

Y €e,1,3—3€6,1,3 — 3€;2) O(e") » ’ 1€,1,3—3€,1,3 — 3€; 2 O(e)
LI L I L L L B

+ VARV 1
S = —3
< C .
+ L« .

5_40-||||||||||||||||||| ‘:;:_140'|||||||||||||||||||
0.0 01 02 03 04 05 06 07 08 09 10 0.0 01 02 03 04 05 06 07 08 09 10

Y Y

T2, Yi6,1,3-3¢,1,3—36:2),  O() T2, Yi6,1,3-3¢,1,3—362),  O()

LIS LIS AL LI L LI L QO T T T T T I T I T T T 77T 7T

-1500 =3

0 <r<10? Fo<z<i0? 1

-2000
2500 |- -

8
TTTTTTHTTT
' |

P ] AT IR I NI P I A P A e T A S A T S T
00 01 02 03 04 05 06 07 08 09 10 00 01 02 03 04 05 06 0.7 08 09 1.0
Y Y

P4(-’17) +Q3(Y) + R;
8
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Phase space integrals - methods

Several different methods to compute the integrals have been explored
[J use of IBPs to reduce to master integrals + solution of Mls by differential
equations

[0 use of MB representations to extract pole structure + summation of
nested series

[0 use of sector decomposition
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Phase space integrals - methods

Method
0
IBP -
]
MB
]
0
SD o

Analytical

singly-unresolved
integrals

bottleneck is the
proliferation of
denominators

iterated singly-
unresolved integrals

bottleneck is the
evaluation of sums

easy to automate
only in principle,

except for lowest
order poles

Numerical

0 by evaluating the

analytic expressions

0 no numbers without

full analytical results

direct numerical
evaluation of MB
integrals possible

0 fast and accurate

0 numerical behavior

is generally worse
than MB method
(speed, accuracy)

Jet cross sections at NNLO via local subtraction
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Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators
(GS, J. Math. Phys. 52 (2011) 083501.)

1
Qjy,oo /de 1(q)(p1.q)jl...(pn.q)jn

We find (with j = ji 4+ ... +j»)

Q;

e = 22772 T T H[v; (v, A); (8, B); Ls]

n n+1)

where H is the so- called H-function of N = variables.
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Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators
(GS, J. Math. Phys. 52 (2011) 083501.)

1
Qi /de 1(q)(p1.q)jl...(pn.q)jn

We find (with j = ji 4+ ... +j»)

Q,...j, = 227727 " H[v; (e, A); (8, B); Ls]
where H is the so- caIIed H-function of N =~ "+1) variables. We have
Pk - PI
.k #
> #

v = (v11, V12, ..., Vin, V22, V23, ..., Va—_1n, Van), Vi = )

Pk D ok=1
4

a:(ON,jl,...,jn,l—j—G), :3 (./17"'7./"7 ./_26)

and Ls = L, X ... Ls,, where L, is an infinite contour in the complex sk-plane
running from —ico to +ioco.
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Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators
(GS, J. Math. Phys. 52 (2011) 083501.)

We find (with j = ji 4+ ... +j»)

Qy....j, = 227271 H|v; (o, A); (8, B); Ls]

where H is the so-called H-function of N = @ variables. We have
—lyyn
A= M,xn s B = [(0)(n+1)><N]
—1---—1

i.e. B is zero, while the n x N dimensional matrix M has the block form:

0 | O)(n—p)x(p-1)
2 -1
0

MnXN:[ Mnxn | Mpx(n—1) | | Mpx1 ] with  mgx, =

Lp-1)x(p-1)

0
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Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators
(GS, J. Math. Phys. 52 (2011) 083501.)

1
Qi /de 1(q)(p1.q)jl...(pn.q)jn

We find (with j = ji 4+ ... +j»)

Q,...j, = 227727 " H[v; (e, A); (8, B); Ls]
where H is the so- caIIed H-function of N =~ "+1) variables. We have
1

Qi o {vi}i€) = 22772651

[TR=1 TUAT(2 =) — 2€)
x /+'1<X> [H H dzk’ —2zi1) (vir) :| [H MUk + 2k)

T Lk=1I=k

Ml—j—e—2z).

where

n n k n
z= E E Zyl and Zx = E Zi + E Zkl -
=1 1=k

k=1 I=k
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Integrated approximate cross sections
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Structure of the results

Integrated approximate cross sections

[J After summing over unobserved flavors, all integrated approximate cross
sections can be written as products (in color space) of various insertion
operators with lower point cross sections.

Insertion operators

[J color and flavor structure of all insertion operators known

[ first two leading poles of kinematical functions entering insertion operators
known analytically in all cases (except |§°))

[0 higher order expansion coefficients computed numerically
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Integrated approximate cross sections - an example

MESSAGE

0 Done once and for all (though admittedly lots of tedious work).
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Integrated approximate cross sections - an example

NNLO correction is the sum of three terms

NNLO _ _RR RV VV _ _NNLO NNLO NNLO
o - 0m+2 + Um+1 + Om = Um+2 + 0m+1 + Om
Each integrable in four dimensions

NNLO RR RR, Ay RR,A; RR A12
oNNI / y {do8dmiz2 — Ao dm — [don 5™ dmia — dopt5™2
m

II;T_IE%O / { doptyy +/dam+2 ]Jm+1 — [dg;P:ZiAl + (/do-RR Al)Al]Jm}
m+1
NNLO Vv RR,A RR A RV A RR,A;\ A
Im :/ {dam +L [d0m+2 : Im+2 12I / Imt1 ! (/lldam+2 1) 1] }J’"
m

[J tree-level and one-loop singly-unresolved integrals
[ tree-level iterated singly-unresolved integrals

[J tree-level doubly-unresolved integrals
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Integrated approximate cross sections - an example

Iterated singly-unresolved
[ a0 = dof 919 (pmi)
[J structure of insertion operator in color ® flavor space
Quurinia= [525 () {2 [err+ ot
i k
+Z [ 0Dy JFZCS12 v /)TZ}TJT/

+ >89 'kJ/{TTk,TT,}}

ikl
O C12 fi Clg)”k S CS (J/ and S (901 4re kinematical functions
with poles up to O( 4 (also depend on PS cut parameters)
[J kinematical dependence through
_2p-Q Yk

Xi = Vio = and Yik,o =
yie Q? ® 7 Yok
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Integrated approximate cross sections - an example
Iterated singly-unresolved

0 example: e"e™ — 3 jets (momentum assignment is 14,23, 3;)

2\ €72 2 2
© _ as . [ p 6C2 +2CaCr + C3 , 101CACr
I = =5 (= 12¢2 + —2 %
12 (P1, P2, p3ie) {% e(oz) } { = + s
67C2  13CpTrny 3CaTgrn 5C2
I 12A_ F3Rf_ A2Rf (SCF+CACF— - )Inylz

C2
(4cAcF + —)(Inm +Inyas) — (4C3 — 6Ca Cr — C2)S(y0, DY)

1
— (4CE — 4CA Cr)Z(y0, D§ — 1)} S+ 0(6_2)}

[J notice x and Y dependence combine to produce just yi dependence, as
expected
[0 dependence on PS cut parameters through

Y(z,N)=Inz— ZLVZI #
should vanish once all integrated approximate cross sections are combined
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Integrated approximate cross sections - an example
Iterated singly-unresolved

0 example: e"e™ — 3 jets (momentum assignment is 14,23, 3;)

101Ca Cp
6

+ [ucg +

2)5}2{6C§+2CACF+C/2\
€

(0) i | 9 y2i
1y (p1, P2, p3i€) = |:ZS€ (& A
2

67(:% 13CF TRnf 3CA TRnf 2 5CA
— — —(8G CAlGr — —= I
+ T 3 2 ( w+ CACFr 5 )n}’u

(4CACF + 7) (Iny13J+In y23) — (4CE — 6Ca Cr — C3)(v0, D§)

1
— (4CE — 4CA Cr)Z(y0, D§ — 1)} S+ 0(6_2)}

U notice x and Y dependence combine to produce just yi|dependence, as
expected
[0 dependence on PS cut parameters through

Y(z,N)=Inz— ZLVZI #
should vanish once all integrated approximate cross sections are combined
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Integrated approximate cross sections - an example

Iterated singly-unresolved

0 example: e"e™ — 3 jets (momentum assignment is 14,23, 3;)

[0 higher order expansion coefficients can be computed numerically

Qs Col i
|§2)(p1,p2,p3;e):{— ( )} ZZ = T{5 5 (p1, P2, p3) + O(e)

i=—4 color

[ kinematical point parametrized by y;

y12 = 0.333333, y13 = 0.333333, yo3 = 0.333333
Col o o) [ o [ o™ | o) |

c2 6 34.12 82.98 3459 | —5438
CaCr 2 0.721 1.209 | —1422 | —696.6
c2 1 6.497 12.80 15.87 | —47.92
Ce Trng 0 —4 | —3240 | —127.9 | —355.2
CaTrne 0 -3 —12.01 | —46.90 | —104.1
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Integrated approximate cross sections - an example

Iterated singly-unresolved

0 example: e"e™ — 3 jets (momentum assignment is 14,23, 3;)

[0 higher order expansion coefficients can be computed numerically

Qs Col i
|§2)(p1,p2,p3;e):{— ( )} ZZ = T{5 5 (p1, P2, p3) + O(e)

i=—4 color

[ kinematical point parametrized by y;

yi2 = 0.238667,  yi3 = 0.758153,  y»3 = 0.003180
Col o o) [ o [ o™ | o) |

e 6 36.79 106.0 120.6 | —431.0
CaCr 2 25.38 143.6 537.3 1505
c2 1 15.24 119.5 660.5 2902
Ce Trng 0 —4 | —31.30 | —121.7 | —346.0
CaTrne 0 -3 —17.72 | —109.1 | —470.9
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Integrated approximate cross sections - an example

Iterated singly-unresolved

0 example: e"e™ — 3 jets (momentum assignment is 14,23, 3;)

[0 higher order expansion coefficients can be computed numerically

Qs Col i
|§2)(p1,p2,p3;e):{— ( )} ZZ = T{5 5 (p1, P2, p3) + O(e)

i=—4 color
[ kinematical point parametrized by y;

yio = 0.937044,  yi3 = 0.024207,  y»3 = 0.038749
Col o o) [ o [ o™ | o) |

Ch 6 25.85 | 3459 | —84.25 | —566.8
CaCr 2 27.79 | 136.8 | 330.6 | 46.20
Ci 1 21.02 | 1954 | 1174 5355
Cr Trng 0 —2 | —57.59 | —405.2 | —2120
CaTrne 0 -3 —24.07 | —194.7 | —1083
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Overview

Counterterm

RR,A;
fl do'm+2

RV,A;
f1 do,1

LAp\A
f1(f1d0552 Y) '

RR,App
Jodon s

RR,A,
f 2405

Types of integrals

tree level singly-unresolved

one-loop singly-unresolved

tree level iterated singly-unresolved (1)

tree level iterated singly-unresolved (2)

tree level doubly-unresolved

Done

o/0
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Outlook
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Present status

NNLO correction is the sum of three terms

NNLO __ _RR VvV _ NNLO NNLO NNLO
g — m+2+0m+1+0m — m+2 + m+1 + Om

Each integrable in four dimensions

NNLO - / _
m+2
m+2
NNLO
m+1
NNLO RR,A,
m 2

0 unintegrated RR counterterms

0 unintegrated RV counterterms
U tree-level and one-loop singly-unresolved integrals
tree-level iterated singly-unresolved integrals

[J tree-level doubly-unresolved integrals
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Present status

NNLO correction is the sum of three terms

NNLO RR RV Vv NNLO

Numerical Monte Carlo integration (single CPU, ~ 50 hours)

C-parameter distribution Thrust distribution

Loresilt LOresit
- NLOrest
— NLOWRRWRV

Vo (1-T) dofdT

oy C doldC
Vg (1-T) dofdT
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Conclusions

Want to bias you towards

O differential NNLO is a relevant subject

[J subtraction is the method of choice for general, efficient calculations

Local subtraction at NNLO

[0 general, explicit, local subtraction scheme for computing NNLO jet cross
sections, for processes with no colored particles in the initial state

[J investigated various methods to compute the integrated counterterms:
IBP’s, MB, SD

[0 integration of all singly-unresolved and iterated singly-unresolved
counterterms finished

[ integration of doubly-unresolved counterterms underway

Immediate next steps

[ finish doubly-unresolved integrals: only triply-collinear and double soft
counterterms left

[J consolidate numerics of integrated approximate cross sections
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Backup slides
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Doubly real counterterms I - IR limits

The doubly real cross section

domts = domea(pr, - -, pmi2) Mo (1, -, pmia)[’

Singly-unresolved IR limits
O Collinear: C;r is a symbolic operator that takes the pi||p, limit
1 ~
Cirl MO (i, pr. - )2 = Brasp® — (MO, (pir, . )| Prg, (21, 21, ki €) ME) L (i)
Sir
[0 Soft: S, is a symbolic operator that takes the p, — 0 limit

1
SeIMELa(pr. )P = —Brasu®® 3 Su(NMPL (¢ - T ML ()
ik

NOTICE

O overlap of limits when pj||p, and p, — 0 (matching)

[0 momenta in factorized matrix elements on r.h.s. conserve momentum only
in the strict limit (extension)

[ arguments of Ptr (zi, z- and ki) only defined in strict limit (extension)
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Doubly real counterterms I - matching

Structure of overlaps
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Doubly real counterterms I - matching

Structure of overlaps

Candidate subtraction term

AMELP =3 3 c MO
i l#r
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Doubly real counterterms I - matching

Structure of overlaps

CirSr or SrCir

Candidate subtraction term

1
AMOL =3 [Z SCi+ S, MO, 2
i L

[J has correct singularity structure in all limits

00 BUT performs double subtraction when limits overlap (soft-collinear)

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 43



Doubly real counterterms I - matching

Structure of overlaps

Candidate subtraction term

1
AMOL 2= [Z 5Cir+8r = > C,-,s,] MO P2
i i#r i#r

[J has correct singularity structure in all limits
O is free of double subtraction
0 BUT is still only well-defined in the strict limits
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Doubly real counterterms I - matching

Structure of overlaps

Candidate subtraction term

1
AMOL 2= [Z 5Cir+8r = > C,-,s,] MO P2
i i#r i#r

[J has correct singularity structure in all limits
O is free of double subtraction
[0 BUT is still only well-defined in the strict limits

Matching is nontrivial

0 collinear and soft limits do not commute: C;S, # S,C;.. Hence it is not
obvious a priori which limit to remove.
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Doubly real counterterms I - extension

Extension over full phase space requires momentum mappings

{p}m+2 — {ﬁ}m+1

[J implement exact momentum conservation
[0 respect the structure of cancellations

[0 lead to exact phase space factorization
Momentum mappings

[J separate collinear and soft momentum mappings
[J both distribute recoil momentum democratically

[0 can be generalized to any number of unresolved momenta
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Doubly real counterterms I - extension

Collinear mapping

- 1 . )
Bi= (Pt @), BE =Pk, n#ir
- &ir

[l momentum conservation

P+ > P =pl+pl+ > p"

n#i,r n#i,r
[0 phase space factorization

ddmi2({p}; Q) = dpmrr({P}"; Q)[dp{") 1 (pr. Biri Q)]

[dpl m+1(pr7 Pir; )] =da(l - O‘)2m(1_€)_1ﬂd¢2(piv pr; p("’))
2w

7;®—.<
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Doubly real counterterms I - extension

Soft mapping
Bl = NUQ.(Q—p)/MI(PY/A) . n#Er.  A=+I—ya,
2K+ K)(K+ K),  2K'K,
—— + >
(K+ K)? K

NIK, K] = gb —

[l momentum conservation

OBt =pt+ > p"

n#r n#r
[0 phase space factorization

dgme2({p}; Q) = démi1({B}"; Q)ldp{),.1(p; Q)]

2
[0 (ps Q) = dy(1 = )™ L (o, K; Q)

Gabor Somogyi | Jet cross sections at NNLO via local subtraction
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Doubly real counterterms I - extension

The collinear and soft momentum mappings define extensions of the limit
formulae over the full phase space

0,0
Ci| ML, 12—

SAMO 2 — 500
C,,S |Mm+2|2 CirSEOYO)

0 On the r.hs. C,-(,O‘O), Sﬁo’o) and C,-,S,(O‘O) are functions of the original
momenta that inherit the notation of the operators, but have nothing to
do with taking limits.

[J Precise definitions of momentum fractions z;, z, and transverse momentum
k., that appear in the AP functions are available, but not exhibited.

The true subtraction term

A MO — A MO 2 = Z[Z 9 1509 _Se, 300)}
i i#r i#r

The approximate cross section

RR,A,

dopt st = dgmia[dp] A MY, 2
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Doubly real counterterms II - IR limits

Doubly-unresolved IR limits
O Triple collinear: Cjs is the operator that takes the p;||pr||ps limit
1 .
Cirsl M o(pis e, ps )P = (Brasi® ) - Prr e M (pis, )P
irs

O Double collinear: Cijjs is the operator that takes the pj||p, and pj||ps limit

0
Cir;js‘MEan(pfﬂ Pr;Pj; Ps - - )|2 = (87‘-0‘5/‘26) Pff,Pffs‘Mm (P:nPJs, .. )|2

SirSjs

0 Soft-collinear: CSj.s is the operator that takes the pi||p, and ps — 0 limit

CSinel My (pispr-ps )P = —(Brasi® P > sjk(s)—Pﬁ,\M i (Pirs B -

Jik

[J Double soft: Sys is the operator that takes the p,, ps — 0 limit

Sr‘MESZrz(Pn Ps .. )| 87"‘%# |: Z S:k( jl( )M (i,k),U, /)(}( X
ik,j, /
N *CAZS:k ry 5)\/\/1 . 0.88
ik
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Doubly real counterterms II - matching

Structure of overlaps

Cir;js

Csir;s w

Cirs
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Doubly real counterterms II - matching

Structure of overlaps
Cir;js

CSir;s w

Srs

Cirs
Candidate subtraction term

AlMDaP =35 3 |50 ]

ro s#r ~i#r,s

}|M(m°lz|2
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Doubly real counterterms II - matching

Structure of overlaps
Cir;js

CSir;s w

Srs

Cirs
Candidate subtraction term

MM, = ZZ{Z{ Cis+ Y. C,,Js }

ro s#r ~i#r,s J#i,r,s

}ww
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Doubly real counterterms II - matching

Structure of overlaps
Cir;js

CSir.s

Srs

Cirs

Candidate subtraction term

A2|Mm+2|2 ZZ{ Z |: II‘S+ Z Clrj5+ CSII‘S:|

ros#r “i#r,s J#isr,s

}\MSM
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Doubly real counterterms II - matching

Structure of overlaps

Candidate subtraction term

1 1 1 1
ML =T T [f0u+ X 0+ 5G] + 38
r s#r i#r,s Jj#i,r,s

}|M£?’+2|2

[J has correct singularity structure in all limits

0 BUT performs double and triple subtraction when limits overlap
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Doubly real counterterms II - matching

Structure of overlaps
Cir;js

CSir.s

Cirs
Candidate subtraction term

A |Mm+2|2 ZZ{ Z |: irs Z Cler + - CSII‘S:| + = Srs

ro s#r ~i#r,s J;él r,s
- Z { CII'S(EII'S + Z 2 CIFJS(BIF s + CII'SSKS + (EII' SSfS
i#r,s Jj#i,r,s
+ 3 3CuSo] VRN
j#i,r,s

[J has correct singularity structure in all limits

[0 BUT performs double and triple subtraction when limits overlap

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 46



Doubly real counterterms II - matching

Structure of overlaps
Cir;js )

CSir;s

Cirs

Candidate subtraction term

Ao MY),1? = 22{2{60,,& > c,,,s+ cs,,s}+ =Sy

ros#r " i#r,s J;él r,s

- Z |: Clrs$lr5 + Z ClszCSIr s + = Clrssrs + $lr ssrs
i#r,s J;ﬁl,r,s

+ Z ClszSVS:| + Z |:Clrs$lrssrs+ Z ClszCSIr SSVS:| }‘ME-,?_{QF
j#i,r,s i#r,s j#i,r,s

[J has correct singularity structure in all limits
O is free of double subtraction
O BUT is still only well-defined in the strict limits
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Doubly real counterterms II - matching

Structure of overlaps
Cir;js )

CSir;s

Cirs

Candidate subtraction term

1 1 1 1
A2|M523_2|2 = ZZ { Z |:gCirs + Z §Cir;js + Ecsir;s:| + Esrs
ro s#r i#r,s Jj#i,r,s
1 1 1
- Z Ecirs$ir;s + Z Ecir;jscsir;s + Ecirssrs + $ir;ssrs
i#r,s jF#i,r,s
1
+ Z Ecir;jssrs + Z |:Cirs$ir;ssrs + Z Cir;jscsir;ssrs }‘Mglz‘z
jH#i,r,s i#r,s J#isr,s

[J has correct singularity structure in all limits
O is free of double subtraction
O BUT is still only well-defined in the strict limits
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Doubly real counterterms II - matching

Structure of overlaps

Cir;js )
CSir;s

Cirs N

Candidate subtraction term

Aol MY,1% = ZZ{Z “Cis+ > C,r,s+ cs,,s}+ =Sy

ros#r N i#r,s - J#l r,s
- Z |: Clrscslr s + Z Clrjscslrs + = ClrsSrs + CSIr sSrs
i#r,s J;ﬁl,r,s
0
- Z CI(]SSI‘S CirSCSir;sSrS:| }‘M&,lz‘z
J#Ims

[J has correct singularity structure in all limits
O is free of double subtraction

O BUT is still only well-defined in the strict limits
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Doubly real counterterms II - extension

Extension over full phase space requires momentum mappings

{p}m+2 — {ﬁ}m

[J implement exact momentum conservation
[0 respect the structure of cancellations

[0 lead to exact phase space factorization
Momentum mappings

[0 separate triple collinear, double collinear, soft-collinear and double soft
momentum mappings
[ all distribute recoil momentum democratically

[J generalizations of singly-unresolved mappings, details not exhibited here
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Doubly real counterterms II - extension

The various momentum mappings define extensions of the limit formulae over
the full phase space

(0,0)

Irs

(0,0)

ir,js

:rs|Mm+ |2 —C;
”J5|Mm+2|2 —C

nsiMMF — s

;s

(0,0)

S,5|/Vl — Srs

|2
m+2

0 On the r.hs. C (0.0) S 09 5ng C,,S (©9 are functions of the original
momenta that |nher|t the notation of the operators, but have nothing to
do with taking limits.

[0 Precise definitions of momentum fractions z;, z. and transverse momentum
k., that appear in the AP functions are available, but not exhibited.
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Doubly real counterterms II - extension

The true subtraction term

(0,0) 0,0 1 0,0
As ‘Mm+2‘2 ZZ{ Z |:6 irs + Z 8clrjs + _(Si(r;s ):| + 5$£5 )

r o s#r ~i#r,s J#i,r,s

- Z |: CI'SGSHOSO + Z 2C"J5(Sl(r050) + ClrsS( )'1'(Slrs$(0 0

i#r,s jF#i,r,s
- Z Clr jSS CirsGSlr 58( ):| }
j#i,r,s

The approximate cross section

RR,A,

d0'm+2

= dgm[dp2] A2 MO, 2
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Doubly real counterterms ITI

Overlap of singly- and doubly-unresolved approximate cross sections

O daﬁff” is the singly-unresolved approximation to da}:ﬁz’Az
A MO = 57 | 3 5CiAa + S = 30.C,5,Aa | M,
i i#r i#r

O The functions C;, Az, S,A> and C;,S,.A» are sums of terms, all precisely
defined, not shown.

[J Extensions use iterated singly-unresolved momentum mappings.
The approximate cross section

A
o 5212 = dgmldpr][dpr]As2| M), |2

NONTRIVIAL

RR,A;

RR A , RR A
O do, 5 * correctly cancels the overlap between do,,, 5" and do,, 5 2.
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Real-virtual counterterms

Real-virtual approximate cross sections constructed in the same way

[J The real-virtual approximate cross section daiXiAl is constructed exactly
like do5™ only the specific IR limit formulae change.
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Singly-unresolved integrals

Collinear phase space factorization
dgna({p}; Q) = dgn({B}"; Q)ldp\") (pr, Biri Q)]

N C1—e-15%
[dp;'n)(p,, pir; Q)] = da(1 — oz)z(" D=9 12—7:)(1(152(@‘7 pri P(ir))

1 i

. . i
;- 7o —a(

n+1 m

Soft phase space factorization

dgnna({p}; Q) = dén({B}"”; Q)ldp{ M (pr: Q)]

2
(0P Q) = dy(1 = )0 L (K Q)

1 i
. r
I ®—.<
. K
n+1 e
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Collinear integrals

Collinear counterterms defined using Altarelli-Parisi splitting functions

@ 4S5 1 o
/ do(1 — o) 12';7:?/d¢2(Pi,Pr;P(;r))spr—,iepéf,)(zhzr;ﬁ)
0 ir
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Collinear integrals

Collinear counterterms defined using Altarelli-Parisi splitting functions

g _ ST 1 K
/ da(1 — a)’® 12;() /d¢2(Pi:Pr;P(ir))|—1+Ke P (2,205 )
0 T Sir '
0 explicit parametrization of PS gives (x = 2pi - Q/Q?)
s, (4m)

81 (1—¢)
vl = v)]TO(v)O(1 — v)

d2(pi, pri Pir) = dsi; dvé{si, — Q[a(a + (1 - )]}
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Collinear integrals

Collinear counterterms defined using Altarelli-Parisi splitting functions

a0 157 L
/ do(1 — o)1 772 / A2(pis pri Pliy) e U (21 2 )
0 vy Sl-r

[0 Altarelli-Parisi functions can be expressed as linear combinations of

zk+oe £ . pr-Q  a+(1—a)xv
sl+negl rj) r — (P:+Pr)Q - 20é+(1—Oé)X

ir

with k = —1,0,1,2 and

0  Function g (2)

0 8A 1

Tl gl (1-z2)*

0 g (1—z2)*3F(te, 6,1+ ¢,2)
+1 g 2Fi(de, +e, 1+ ¢, 2)
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Soft integrals

Soft counterterms defined using eikonal functions (and its collinear limit)

Y0 /L Q2 s; Itwe 1z )\
1_ %1% . K: 2k -
/0 dy(1=y)* =~ /d¢z(p, :Q) (Sirskr) ’(s,-, z,)
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Soft integrals

Soft counterterms defined using eikonal functions (and its collinear limit)

Y0 d L Q Sik 1+ke 1 z 1+ke
/ dy(1 — y)%- /d@(pr,K Q) ( ) : <——)
0 Sir Skr Sir Zr

[0 choose a frame

Q" =+/s5(1,...), pl=E(1,...,1), Pl = Ei(1,...,sinx,cosx)
and
pt = E/(1,..'angles'.., sin ¥ sin ¢, cos ¥)
to find the explicit parametrization of PS
Q2 (4m)° T*(1—¢)

1672 (1 —€) (1 — 2¢)
- d(cos ¥)(sin 9) ~2¢d(cos ¢)(sin @) 172

dea(pr, K; Q) = derel=28(e, — y)
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Soft integrals

Soft counterterms defined using eikonal functions (and its collinear limit)

Y0 a1 QQ . Sik 1+ke 1z 1+ke
[ [eeaca{ () T (02) )

[0 precise definition of the soft momentum mapping implies

sk=1—¢e)sz, si=$, Sw=5, se=(1-¢c)se+s;

hence (cosxy =1 —2Y)

Sik 4Y 1 —E&r 1

siskr @2 €2 (1 — cosd)(1 — cos x cos ¥ — sin x sin 9 cos )

1z 11 [1 2(1—e&/) }
Er

srz Qe (1 —cosd)
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Basic one-particle integrals

Computed (semi)analytically (Aglietti, Del Duca, Duhr, Trécsanyi, GS;
Bolzoni, Moch, Trécsdnyi, GS)

U collinear type
@
T X/ da a0 (1 = a2 a4 (1 — )] 0
0

./Oldv[v(l R (%ywe gl(i) (%)

0 soft type

% , 1
J o —yltee / dy y~1-204R)e(q _ ydhtne / d(cos ¥) (sin 9) 2
0 —1

! 1
/ d(cos ) (sinp) 172

1 [(1 = cos ) (1 — cos x cos ¥ — sin x sin 1 cos )] tre

1+ke

Yo ’ 1 2(1 —
K x / dy y~@He)e(1 — y)d0_1/ d(cos 9) (sind)~2¢ {1 + 2=y
0 -1 y(1 — cos9)
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Iterated singly-unresolved integrals

The momentum mapping is of iterated form

{p}m+2 - {i\j}m+1 — {i)}m

Phase space factorization (schematically)

démi2({p}; Q) = dém({B}SP; Q)ldp®, 11dpt)]

factorized phase space measures from singly-unresolved case

m+2
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Examples of iterated one-particle integrals

. . RR,A
Collinear-double collinear counterterm from do,, /5" " (Bolzoni, Trécsanyi, GS)

11
CyC! ,,kt = (8masp )25“?( O ((p })'Pfkft(ztk 6)Pff,(zr: )M ({B})
(1= o )PP 2T (1 — Gy )2 217D O (g — g )O (a0 — Eir)

Using the discussed explicit parametrization of the factorized PS measures, we
find its integral can be expressed as a linear combination of the following “Mls"

ag g
Ié4)(xk,xi; €, a0, do, k, 1) = XkXi/ da/ dBa17¢(1 — )@t
0 0

BT = B2+ (1 — @) (1 — B)xi] B+ (1 - B)xi]

1 1
/ dv/ duv™(1—-v) " v (1 —u)~¢
0 0

. (a+ (1—a)- ﬂ)xkv)k (ﬂ +(1- ﬁ)X;U)’
20 +(1- )1 - B /) \26+ (1- B)x

where k,/ = —1,0,1,2.
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Examples of iterated one-particle integrals

. RR,A
Abelian soft-double soft counterterm from do,, 5 " (Bolzoni, Trécsanyi, GS)

(5:59)" = @raas® P 3 2SaOSuOIMY 0 ) (PP
ijskl

(1= yiQ) B =1 — y30)% VB (5 — 1:0)O(¥0 — ¥iqQ)

Consider e.g. j = i and | = k. Using the discussed explicit parametrization of
the factorized PS measures, we find that [StSﬁ))],-k,-k is proportional to

_A4T*(1 —¢) Byy(—2¢,dp +1) " 1-2 al—1
dy y7172¢(1 — y)do—1+e
21— o) ; ,o/ Yy (1-vy)

/ d(cos ) (sin )~ / d(cos ) (sin ) 172 [£(9, 9; 0)] © [ (9,0 Yi,Q)] ™

11
T (Yie 016, y0, df) =

Y 9,0 YiuQ)] 2F(—e—e1—e1—Y(y,9,¢i Yiq))

where
(9,9 Yie,@) =1 =24/ Yi,o(1 — Yik,@)sin¥ cos o — (1 — 2Yj @)x cos ¥
4(1 —y)Yi
Y(y,9,0:x) = (L= )¥ia

(1 —y) +y f(¥, 0 0][2(1 — y) +y F(&, ¢; Yir,@)]
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Doubly-unresolved integrals

Genuine doubly-unresolved momentum mapping

{p}m+2 — {b}m

Phase space factorization (schematically)

dpmi2({p}; Q) = dom({P}*?; Q)[dpS%)]

factorized phase space measure for (e.g.) the triple collinear mapping is

i ~ — —€)— SiA’
[dpS7) (pr, ps, Birsi Q)] = dar(1 — )"~ H0=9) lzr—fd@(p"’p”ps;p("’s))
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An example of a two-particle integral

RR,A
Triple collinear counterterm from d(rm+2 2

1
Cl(rs (87‘(‘0& #26)2 2 (
irs

: (1 - Olirs)QdO_zm(l_g)e(ao - airs)

OUBNIPY . (2.0 53} NMO (B}

Using an explicit parametrization of the factorized PS measure, we find its
integral can be expressed as a linear combination of the following “Mls”

r2 1-— 6) / da a—l 26(1 )2d0—3+26
(1 — 2€) 26)

1
Jat(1- a)x]*lfe/ dvy dvs dty dtis dbs 5(1 — tir — tie — tis)(1 — £)(1 — ts)

Z(x; €, a0, do, n1, N2, N3, N4, N5, g, N7) =

0
— 7176 n n, el
(58 — trs)(trs — £5)]727O(t — trs)O(trs — i )7 212 (1 — )™ (1 — ;)"
(a +(1— a)xv,>"6 (a +(1- a)xv5>"7
200+ (1 — a)x 20+ (1 — a)x

where

5= (1— t)(1 — ta) [\/v,(l—vs )+ /vl — ) ]2.
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More integrated approximate cross sections 1

NNLO correction is the sum of three terms

NNLO RR RV vV NNLO NNLO NNLO
g = Um+2 + Um+1 + Om = Um+2 +o +o Om
Each integrable in four dimensions
NNLO RR,A RR,A RR,A
Omt2 / {do’m+2Jm+2 —do, 5 2 m — |do O s Y my1 — do,5 12y
m+2

RRA VA RR,A;\A
ot = [ {[arki+ [aopist ] - [aonlit 4 ([ aohih )N
m+1 !
oNNLO :/ {daXV +/2 do}:z’Az _ da,l:_lEéAu] +/1 [dU’I:XiAl + (/ldaiiz’Al)Al]}Jm
m

[J tree-level and one-loop singly-unresolved integrals
[J tree-level iterated singly-unresolved integrals

[J tree-level doubly-unresolved integrals
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More integrated approximate cross sections 1

Tree-level singly-unresolved

RR,A 0
/ldam+2 t= d05+1 ® '5 )({P}m+1; €)

[0 The insertion operator has the following structure

2
) Z[ LTt e s 00T,

i

Pole structure of lgo) coincides with known result
In this case higher order expansion coefficients known analytically

Order: &t Order: ¢2

x10*

6 5 4 3 2 -1 0 6 5 4 3 2 1 0 6 5 4 3 2 1 0

logyg logyo logygx
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More integrated approximate cross sections 1
Tree-level singly-unresolved
RR,A R 0
‘/1d0m+2 = d0m+1 & '5 )({p}m+1; 6)
[J The insertion operator has the following structure

2\ €
Op) i) = 22, (gg) S 0724 SO 0IT T,
k

i
Pole structure of lgo) coincides with known result
In this case higher order expansion coefficients known analytically

,_.A
s,v

x10°

05

—

w

oA

>~

=

S 15 =1 — w1

N =03 —— =03
2 =01 —— yp =01

=003 - w =003
25 8 L | T
6 5 4 3 2 1 0

log1pY log1gY
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More integrated approximate cross sections 2

NNLO correction is the sum of three terms

NNLO RR RV vV NNLO NNLO NNLO
g = Um+2 + Um+1 + Om = Um+2 +o +o Om
Each integrable in four dimensions
NNLO RR,A RR,A RR,A
Omt2 / {do’m+2Jm+2 —do, 5 2 m — |do O s Y my1 — do,5 12y
m+2

0 = [ {[aoBa e [aonh o - [0l o (faonyt) o)

A A A A
w10 [ {aokV + [ [aohlt - aofhe] + [ [aomi + (faonish) ) o
m

[J tree-level and one-loop singly-unresolved integrals

[J tree-level iterated singly-unresolved integrals

[J tree-level doubly-unresolved integrals
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More integrated approximate cross sections 2

One-loop singly-unresolved
RV,A (© @
[0l = a0k @10 ((p) i ) + 4o & 1 ({p) i)

O Notice |§°)({p}m; €) is the same insertion operator as at tree level

[J The one-loop insertion operator has the following structure

o) v [es 12\ 7% P14 r(1 —e)
L ({pYmie) = [gse (&) } T(1+2)2(1 - 2¢)

Z 1)T2+ZS ’kTT +ZS1) 'k’/)fabcTaTkT,
i k!

(1)

Pole structure of 1;” known analytically up to O(e™ 1)
Higher order expansion coefficients computed numerically
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More integrated approximate cross sections 2

Approximation to integrated singly-unresolved

[ (faohism )™ = oo [3 {10U01ni 00 phni )} + 17O tpbni )

0 Notice I!({p} m; €) is the same insertion operator as at tree level

O Ifx(o)({p}m;e) part has the same structure as Igo)({p}m;e)
© v [es e (#2\T > Rx(0
{ptmie) = |55 | o2 S |ofrOr +ZS

Pole structure of Ifx(o) known analytically up to O(e~1)
Higher order expansion coefficients computed numerically

T, Tk:|
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More integrated approximate cross sections 3

Doubly-unresolved
RR,A
[ a0 = a9 (o} i)

O The insertion operator has the same structure as Igg)({p}m; €)

2\ €72
Ottpmio = |25 (&) | {3 |c)mz+ ) 73w
i k
+Z[ 20D ey +chzf’0”)T?}TjT,

+ > s 'k(J/{TTk,TT,}}

ikl

Work in progress
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More on methods: IBP

1. Algebraic reduction of the integrand by means of partial fractioning

1 1 1 1 y2z? 1

x(I—=x)(1—-xyz) x 1—yzl—x  1—yz1—xyz

Note the appearance of a new denominator: 1 — yz. With increasing
numbers of variables, the number of new denominators grows very rapidly.

2. Reduction to master integrals by means of IBP identities. We can use the
standard Laporta algorithm to solve the IBP relations, but we find the
occurrence of surface terms in the IBPs, consisting of integrals of lower
dimensionality than the original ones.

3. Analytical evaluation of the master integrals. We obtain the ¢ expansion
of the Mls by solving systems of differential equations, expanded in €. The
final results contain one- and two-dimensional harmonic polylogarithms.
For some Mls, a nontrivial basis extension of 2dHPLs is necessary.

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 63



More on methods: MB

1. Convert sums into products in the integrand

1 1 atioo gz
- == —Za7VTEpT r(—
(a+ b) r(y)/q 2 (v +2)1(=v)

2. Integrate over the real variables to obtain MB integrals

—ioco

1
(=2 = [ dyysa-x-y)
0
! M(p1)l
/ dxdy xPLyP25(1 — x — y) = TPl (p2)
0 M(p1+ p2)
3. Resolve the pole structure by shifting integration contours.
4. Compute the MB integrals, converting them into sums over residua.

5. Perform the sums.
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More on methods: SD

Example

1. Transform the integral so that the range of integration is the unit
hypercube, and all singularities are at the borders.

1
I:/ dxdy x 7y x4+ (1= x)y] !
0

2. Decompose into “sectors” using 1 = [O(x — y) + O(y — x)]

3. Remap each integration region to the unit hypercube: for x > y set
y — xt, for y > x set x — yt.

1
| = / dxdtx 172714 (1 — x)t] !
0

1
+ /0 dedy £y T2 1 4 (1 - y)e]

4. Resolve the pole structure using simple residuum subtraction. This gives a
finite integral representation for the expansion coefficients.

5. Integrate these representations.
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Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators

1
.= [ () s

q)Jl cee (pn . q)Jn

We find (with j = j1 + ... +j»n)
Q. = 2277117 Hlv; (o, A); (B, B); Ls]

n(n+1)
2

where H is the so-called H-function of N = variables.
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Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators

1
.= [ () s

q)Jl cee (pn . q)Jn

We find (with j = j1 + ... +j»n)

Qy....j, = 222717 H|v; (o, A); (8, B); Ls]
where H is the so-called H-function of N =~ "2“) variables. We have
Pk - PI
o k#£
> #

v = (v11, V12, .-, Vin, V22, V23, .. -, Va—1n, Van), Vi = )

P L ok=1
4

a:(0N7j17"'7jl771_j_€)7 /3:(.,'17"'7./."72_1._26)

and Ls = Ly, x ... Ls,, where L, is an infinite contour in the complex sk-plane
running from —ioco to +ioco.
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Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators

1
.= [ () s

q)Jl cee (pn . q)Jn

We find (with j = j1 + ... +j»n)
Q. = 2277117 Hlv; (o, A); (B, B); Ls]

n(n+1)
2

where H is the so-called H-function of N = variables. We have

—1..-—1

i.e. B is zero, while the n X N dimensional matrix M has the following block
form:

—yxn
A= M, v , B = [(0)(nt1)xn]

0 | O)n—p)x(p-1)
2 1---1
0

Man:[ Mnxn | My (n—1) | | Mpx1 ] with  mpyp =

Lp-1)x(p-1)

0

Gabor Somogyi | Jet cross sections at NNLO via local subtraction | page 66



Spinoff - angular integrals in d dimensions

Consider the d dimensional angular integral with n denominators

1
.= [ () s

q)Jl cee (pn . q)Jn

We find (with j = j1 + ... +j»n)

Qy....j, = 222717 H|v; (o, A); (8, B); Ls]
where H is the so-called H-function of N =~ "2“) variables. We have
1

Q.o {viatie) = 227721 7¢

[Ti=1 TUT(2 —j — 2¢)
« /;t:o |:H H deI Zkl vk/)zk/:| |:H r(jk + Zk):| F(l —j—€e— z) .

k=1 I=k 27” k=1

where

n n k n
= E E ZW and Zk = E Zk + E Zk -
=1 I=k

k=1 I=k
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Angular Integral with n Denominators — Definition

Motivated by the previous example, we define d dimensional angular integrals
with n denominators as follows

Definition (angular integral with n denominators)

Let pi', ..., p4 be some fixed vectors in d dimensional Minkowski space. Then
1
Qi E/de, - -
e 1(q)(p1.q)n...(pn.q)1n
where dQ24_1(q) is the angular measure in d dimensions for the massless vector
q".

Note that €j,....j, is clearly rotationally invariant and the overall normalization
of the p! and g" plays no essential role.
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Angular Integral with n Denominators — Definition (the small print)

More precisely (but less to the point), we may choose a Lorentz frame and
normalization such that

P = (1,04_2,81), Py = (1,04_3, Basin Xgl),ﬁz COSX(;))
n—1 n—2
Pt =(1,04_1_p,Bn H sin Xs,k)a Bn cos XE]n—l) H sin ng), ... Bn cosXs?) sin Xs,l)7 Bn cosxsll))
k=1 k=1
n—1 n—2
q" = (1, ..'angles'.., cos 9, H sin ¥y, cos 9,1 H sin ¥y, ..., cos ¥y sin ¥y, cos V1)
k=1 k=1

Definition (angular integral with n denominators)

Qyon = / dQy_1-n(q) /jl |:]:[ d(COSﬁk)(sinq_‘)k)*k+1725:|

n k /-1 —Jk
X {1 — Bk Z |:(5lk + (1 — &) cos ij)) cos ¥ H (sin Xim) sin 1.9,,-,):| }
1

m=1

where we used
dQq-1(q) = [ [ d(cos 9x) (sin ¥x) " 7*dQq1-1(q)
k=1
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Angular Integral with n Denominators — Definition

Motivated by the previous example, we define d dimensional angular integrals
with n denominators as follows

Definition (angular integral with n denominators)

Let pi',..., p, be some fixed vectors in d dimensional Minkowski space. Then
1
Q.. in = /de_1 q - -
1 J ( )(pl.q)Jl...(pn.q)Jn
where dQ24_1(q) is the angular measure in d dimensions for the massless vector
q*.

Note that the definition is more general than it seems at first sight, e.g.
pi = (1,042, B1), q" = (1,.."angles’.., cos 1)
then

(b1 + ) = 5+ 201 - a = (1= 6) + 201~ rcost) = (3= ) [1 - 2

3-p2

cos 19}

=(3-8)(p-a)
where
pit = (1,0(,,27 —2) , q"* = (1,..'angles’.., cos )
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Angular Integral with n Denominators — General Result 1

The d dimensional angular integrals with n denominators can be evaluated in
terms of the so-called H-function of several variables.

Result
Let j =41+ ...+ jn. Then we have
Q.. jo = 227271 “H[v; (a, A); (B, B); Ls]

. . . n(n+1
where H|v; (o, A); (3, B); Ls] is the H-function of the following N = %

variables

P P e
2
v = (v11, V12, Vin, V22, V23, - - -, Vn—1n, Vin), Vil = )

P
k ; k=1
4

We are assuming the general case, i.e. viy >0, Vk,[=1,...,n.

(The parameters (a, A), (3, B) as well as Ls will be discussed momentarily.)

The result looks tidy enough, but you might be wondering what exactly an
H-function of several variables is.
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The H-function of several variables
Definition (H-function of N variables)

Hix; (a, A); (3, B): Ls] = (27ri)—"’/L O(s)x® ds
s
where
I, T (aj + 30 aj,kSk)
[, r (/31' + 3 bj,ksk)
Here s = (s1,...,sn), x = (x1,...,xn), @« = (au1,...,am) and B = (B, ..., Bn)
denote vectors of complex numbers; while
A= (aj,k)mx,v and B = (b',k)nXN
are matrices of real numbers. Also

N

N
xS:H(Xk)sk; ds:Hdsk; Ls =Ls x ... X Lsy ,
k=1 k=1

O(s) =

where L, is an infinite contour in the complex si-plane running from —ioco to
—+ioco such that ©(s) has no singularities for s € Ls.
[N. T. Hai, H. M. Srivastava, Computers Math. Applic. 29, 17 (1995)]
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The H-function of several variables
Some comments

[J The H-function of several variables generalizes nearly all known special
functions of N variables, e.g. Lauricella functions F N) F,(BN), FéN) and
FE, ; the G-function of N variables; the special H-function of N variables,
etc.

[J For the specific cases of N =1 and 2, it essentially reduces to the known
Fox's H-function of one variable and the H-function of two variables
defined by various authors scattered in the literature.

[J The H-function of several variables satisfies various contiguous relations,
i.e. algebraic relations between functions H[v; (a, A); (3, B); Ls] with the
vectors of parameters ¢ and 3 shifted by vectors of integers. These
relations may be used to reduce H-functions to a set of basis functions
with parameters differing form the original values by integer shifts.

[O. P. Tandon, Indian J. Pure Appl. Math. 11, 321 (1980)]
[C. M. Joshi, J. P. Arya, Indian J. Pure Appl. Math. 12, 826 (1981)]
[O. P. Tandon, Indian J. Math. 24, 55 (1982)]

[J The definition given above is different form the H- function considered by
Hai and Srivastava only in the replacement of x~5 by x5. We have made
this replacement for convenience in our applications.
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Angular Integral with n Denominators — General Result 2

The d dimensional angular integrals with n denominators can be evaluated in
terms of the so-called H-function of several variables.

Result

Let j =41+ ...+ jn. Then we have

Qy....j, = 227271 H|v; (o, A); (8,B); Ls]

. . . n(n+1
where H|v; (a, A); (3, B); Ls] is the H-function of the following N = %

variables

P P e
2
v = (v11, V12, Vin, V22, V23, - - -, Vn—1n, Vin), Vil = )

p
k ;o ok=1
4

We are assuming the general case, i.e. viy >0, Vk, I =1,...,n.
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Angular Integral with n Denominators — General Result 2

The d dimensional angular integrals with n denominators can be evaluated in
terms of the so-called H-function of several variables.

Result

Let j =41+ ...+ jn. Then we have

Qy....j, = 227271 H|v; (o, A); (8,B); Ls]

a and 3 are the following vectors of parameters

a:(0N7j17"'7jl771_j_6)7 /8:(.,'17"'7./."72_1._26)
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Angular Integral with n Denominators — General Result 2

The d dimensional angular integrals with n denominators can be evaluated in
terms of the so-called H-function of several variables.

Result

Let j =41+ ...+ jn. Then we have

Qy....j, = 227271 H|v; (o, A); (8,B); Ls]

A and B are Wléﬂ x N and (n+ 1) x N matrices of parameters,
respectively

—Iyyn
A= Mn><N 5 B = [(O)(n+1)><N]
—1-.-—1
i.e. B is zero, while the n X N dimensional matrix M has the following block
form
0 | (On—p)x(p—1)
2 T---1
) o
Man:[ Mpxn | My (n—1) | | Mpx1 } with Mpxp =

- Lp—1)x(p—1)
0
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Angular Integral with n Denominators — General Result 2

The d dimensional angular integrals with n denominators can be evaluated in
terms of the so-called H-function of several variables.

Result

Let j =41+ ...+ jn. Then we have

Qy....j, = 227271 H|v; (o, A); (8,B); Ls]

A and B are Wléﬂ x N and (n+ 1) x N matrices of parameters,
respectively e.g.

1 0 o0 o0 o0 0
0 -1 0o 0 0 0

1 0 o 0o 0 -1 0 0 0

. 0 -1 o0 0o 0 0 -1 0 0

0 0 -1 0o 0 0o 0 -1 0

Al:{ 2 } A= |—% 770 |°™=| 0o 0o o0 o0 o0 -1
-1 0o 1 | 2 2 1 1] 0 00
e — o 1 o |2 110

o o 1|0 1|2

T -1 -1 -1 -1 -1
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Angular Integral with n Denominators — General Result 2

The d dimensional angular integrals with n denominators can be evaluated in
terms of the so-called H-function of several variables.

Result

Let j =41+ ...+ jn. Then we have

Qy....j, = 227271 H|v; (o, A); (8,B); Ls]

Hence we find the Mellin—-Barnes representation

: 1
Q- o 22717257_‘_175 . _
J15-+40) HZZI r(]k)r(2 —j— 26)
+10() n n dz n . .
X/ T 52 r(—za) i)™ | [TT TGk +2) | T —j—e—2).
—ico [} 12k 27 k=1

where the contours of integration for zy are chosen such that poles with
(... + zw) dependence are to the left of the contour and poles with
(... — zw) dependence are to the right of it.
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Analytical results — one denominator

0 One denominator, massless (p? = 0)

n. .\ 1  A2—j—2 _1—¢ F(l—j—e)
0,0:0) = [ a1t =2 g

0 One denominator, massive (p? = 4vi; ;é 0)

_ . F1=¢
do 22 2e¢__1l—e
i(vi1;€) / d— 1( o1 ™ 7”2_26)
Jj+1 3
X2F1(J§T 5—6 1—4V11>
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Analytical results — two denominators

0 Two denominators, massless (p? = p3 =0, p1 - p» = 2vi2 # 0)

g 1 : Ml—j—e)f(l—k—ce€
Q) 4 (v12,0,0;¢) = / a9y, ' L p2—j—k—2e 1-c (1—Jj—er( )
' K Tl—r(2—Jj— k — 2¢)

(p1-aY(p2 - q)
X 2F1(j, k, 1 —€,1 — vi2)

0 Two denominators, one mass (pi = 4vi1 #0, p2 =0, p1 - p» = 2vi» # 0)

1 Cjk—2e 1-e [(1—k—¢ _;
Qj k(viz, vi1, 05 €) = /dnd—lvi =22 T " vy,
/ T : (P1-aY(p2 - @)k (2 — k—2¢)
2vip — 1 — /1 — 4v; 2vip — 1 4+ /1 — 4v;
XF(jlok—el—k—e2— k-2 22 122 1
2vyp 2vyp
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