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Probability  Statistics 

 - Mathematical definition 
 - Given a model 
Ąpredictions on occurence of data  
 
αLŦ ŀ Ŏƻƛƴ ƛǎ ŦŀƛǊΣ ǿƘŀǘ ƛǎ ǘƘŜ ǇǊƻōŀōƛƭƛǘȅ ƻŦ 
ƎŜǘǘƛƴƎ мр ǘƛƳŜǎ ǘŀƛƭǎ ƻǳǘ ƻŦ нл ŎŀǎǘǎΚά 
 

 - More practical (historically) 
 - Given measured data 
Ą what can we say (about data, models) ? 
 
α! Ŏƻƛƴ ƎƛǾŜǎ мр ǘŀƛƭǎ ƻǳǘ ƻŦ нл ŎŀǎǘǎΣ ƛǎ ƛǘ 
ŦŀƛǊ Κά 

 - 5ŜǎŎǊƛǇǘƛǾŜ ǎǘŀǘƛǎǘƛŎǎ όƳŜŀƴ ǾŀƭǳŜǎΣ ǾŀǊƛŀƴŎŜΣΧύ 
 - Inference statistics 

Point inference 
m(Z0) = 91.1876 GeV 

Interval inference 
m(Z0) in [91.1855 ; 91.1897]@ 1

Hypothese testing 
Is there a Z0 or not ? 

Today 
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Probability  

 - Mathematical definition 
 
 

How can it be mapped to the reality ? 

 - Frequentist 
 - Bayesian 
 
  

Two main definitions: 

6 
Xavier Prudent ς Seminar IKTP ς 10th Nov. 2011 



Prob associated with the data, i.e. outcome of repeatable observations 
 

Proba = frequency for an infinite number of outcomes 
 
 
Proba of αHiggs existsά of m(electron) < 1 GeV are 0 or 1 
 
 
 
Tells us what to expect under assumption of a model, about hypothetical 
repeated observations 

Frequentist Statistics 
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Prob associated to a degree of belief (subjective) 
Hypothesis are treated like random variables through the Bayes theorem 
Proba( mHiggs > 115 GeV ) has a meaning 

Bayesian Statistics 

Can provide more natural treatment of non-repeatable phenoma 
(systematic uncertainties, weather, stock markets..) 
No golden rule for priorĄ subjective choise 
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1) Which models ? Č Hypothese testing 

 
2) If the model fits with data, which constraints on its parameters ? Č Interval inference 
 
 

We now have tools to map our mathematical models to reality ! 
How do we compare and tests the various models ? 

In practice: one does not estimate the mass 
of ½Ψ if no evidence of it has been found 
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Hypothesis testing 

A hypothesis: 
              H0 Ґ αThe standard model is trueά 
 specifies the probability for the data x  
 Invariant mass of dilepton 
The possible values of x form the sample space 

Consider an alternative hypothesis 
            H1 Ґ αThere is ŀ ½Ψ bosonά 
 
     We want to test H0 (alone or versus H1) 
 
 
Specify a critical region W of sample space where there is a (small) proba  to 
observe data if H0 true. 
 

Probability of observing x if H0 is true g( x | H0 ) Č Likelihood of the hypothesis 

W 
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x 

Critical region x > 1 

Need the probability density fonction (PDF) g (area under curve gives proba) 

Hypothesis testing (2) 

If data are observed in WĄ reject H0 

g(x|H0) 
g(x|H1) 

Not necessarely equivalent to αI0 is wrongά or αI1 is trueάΦ Only 
associated with outcome of repeatable observations 

Ą significance level of the test 
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Nothing is perfect: Errors in Hypothesis Testings 

Proba to reject H0 if it is true (Type-I) 

Probability to accept H0 if H1 is true 

x 

g(x|H1) 

g(x|H0) 

Cut on the 
critical 
region 

Accept H0 Reject H0 

12 
Xavier Prudent ς Seminar IKTP ς 10th Nov. 2011 



Hypothese Testing in Particle Physics 

Hypothese testing used in : 
  
Č Event selection (both are known to exist) 
 - separation electron/pion, pion/kaon 
 
ČSearch for new physics 

- H0 Ґ α{a eventsάΣ I1 Ґ αsomething elseά 

x is ordinary a collection of numbers x = ( x1, x2Σ ΧΣ xn ) 
  - number of muons 
  - pt of jets 
  - transverse energy 
  - Χ 
 
 
ThePDF of x is a n-dimensionnal function of xiΣ ƛҐмΧƴ 
 
The property (shape, position) of these PDF depend on the hypothesis  
(signal vs.  background, or mSUGRA ǾǎΦ Da{.Σ Χύ 
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Hair length 

Women 

Men 

This person 
is a man 

This person is a 
woman 

How to distinguish men (H0) from women (H1) ?   Sample space x = hair length 

Density functions g(x|H) : distribution of a very large (infinite) population 

Proba  to be 
confused with a man  

Proba  to be confused 
with a woman  

Additionnal information: size, oestrogen concentration in bloodΣ Χ  
 Č Ȅ Ґ όȄмΣ Χ xn) Space sample 

Hypothese Testing in Everyday Life 
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Hypothesis testing (3) 

We want: 
 - Type-I and type-II errors  as small as possible 
 - Extract the maximum of information from the x1Χxn 

Č xi can be combined in 1 discriminating variable (test statistics) 

Neyman-Pearson lemma: 
The optimal statistical test for the test of H0 vs. H1 is 
 
Any monotonic function of t has the same power 
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We test H0 

we observe xobs (single point in the sample space) 

Our worry: 
If I assume H0 and repeat the experiment, 

what is the proba that I get a worse result ? 

In other words:  
I have to take a decision on H0, but if I repeat 
the experiment, will the data be compatible 
with that assumption that H0 true ? 

This proba is the p-value 

This is NOT the proba that H0 is true ! 
Easy confusion with Bayesian 

What can we say about the validity of H0 in 
light of the data ? 

The p-value 
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The p-value (2) 

Often define significance Z : 

Number of standard deviations that a Gaussian 
variable would fluctuate to give the same p-value 

P-value from 
observation 
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Why 5 Sigma ? 

Common practice in HEP to claim discovery of p-value of the no-signal hypothesis is 
below 2.9x10-7, corresponding to Z=5 

There are a number of reasons why one may want to require such a high threshold 
 
  - ¢ƘŜ αcostά of announcing a false discovery is high 
  - Unsure about systematics 
  - Unsure about look-elswhere effect 
  - Implied signal may a-priori be highly improbable 

Process of establishing a discovery:  
 - make sure the observation is not a fluctuations,  
 - then shift the focus on whether this new physics or systematics.  
 
 
                               A 5  effect can then be lowered to 3

But these are not the role of the p-value ! 
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Example: the significance of an observed signal 

We observe n events, and want to compare: 
 - H0 : all events are only background b 
 - H1 : data is a mixture of signal and background events (s+b) 
Number of events follow a Poisson distribution 

Suppose n=5, while expected background b=0.5 
The p-value for a the hypothesis s=0 (i.e. H0) 

3.6

Here: no systematics ! (see laterΧύ 
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A bit further: the Likelihood Function 

Given hypothesis H Č PDF for observed data x : f( x| H ) 
H depends on a set of parameters ̒  =(̒ 1Σ Χ ̒ m) Č f( x |  ̒)  
 
Observed data xobs, fix x= xobs in f  
Evaluate f as a function of ̒  Č This is Likelihood function 

For n independant observations xobs1Χxobsn, the 
likelihood function is then the product: 

The largest the likelihood, the more compatible with data 
 
 

Likelihood principle: all the information in the sample is contained in L 

NOT A PDF ! 
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As an optimal test statistic we had used: 

Neyman-Pearson lemma, optimal test statistics is  
the likelihood ratio 
 
NB: we need ist PDF to estimate the p-value 

 
 

For large sample (n), the PDF of 
Q converges to the 2̝ PDF 

One defines 

(many searches at Tevatron) 

A bit further: the Likelihood Function (2) 

Including many observationsĄlikelihood 
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These PDF can also be 
estimated by 
generating large MC 
samples 
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From p-value to Confidence Level 

Accept H0 Reject H0 

H0 = background only hypothesis 
 
Limit for exclusion (set before measurement) p < 5 % 

If pb < 5 %, background-only rejected at 95 % CLb 

α{Ƴŀƭƭ pb <-> far away from backgroundά 
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α{Ƴŀƭƭ pb <-> far away from backgroundά 
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Setting Upper Limits 

Excluding an hypothesis is often not enough 
 
May want to estimate limits on some parameters of the hypothesis (mass, cross-sectionΣΧύ 
 

Limits setting is similar to hypothesis testing,  
1 value of the parameter ė one hypothesis 

 
Before s vs. (s+b) (Čconstruction of test statistic), what is the alternative hypothesis now ? 

We want to set an upper limit on s: 

This is a measure of the level of 
agreement betweem the data and the 

hypothesized value of s 
 25 
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Setting Upper Limits (2) 

Rather than s, we define the signal strengh 
Č Will give the ratio between the upper limit set 
on s and the expected number of signal events 

From observed q , find p-value: 

The 95 % CL upper limit  on  is the highest 
value for which p-value is not less than 0.05 

Feldman-Cousin method 

q

obs 
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Setting Upper Limits (3) 

The test is performed for all values of , for a significance level of  
 

The CL by construction will contain (COVER) the 
true value of  with a prob of at least 1-

NB: The interval depends on the statistics (Freq. vs. Bayes.), on the test statistics (consideration 
of power and coverage, one-two-sided) Č debate among statisticians still on-going 

Values that are not rejected constitute a confidence 
interval for , at confidence interval CL=1-

q

obs 
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So far to exclude  background-only hypothesis we have used CLb 
 

            But which CL ? CL(s+b), CL(b), CLs ?  

If the line is 
below 1, one has 
sensitivity to the 
corresponding 
SM Higgs mass 
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For a given hypothesized , ist effect can be very small relative to the 
background-only prediction ( =0) 
 
E.g. Very heavy Higgs of 1TeV 
 
This means that the distributions f(q | ) and f(q |0) will almost be the same 

Which CL ? The problem of low sensitivity 
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Which CL ? The problem of low sensitivity 

In contrast, having sensitivity to  means that f(q |0) and f(q |  are more separated 

That is, the power (prob to reject ґл if =0) is higher than 
30 
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Which CL ? The problem of low sensitivity 

Consider again the case of low sensitivity. 
 
By construction the prob to reject ґл if  is not null is  (e.g. 5%) 
 
And the probability to reject ґл if =0 is only slightly greater than 

This means that with prob of 
~ , one excludes hypothesis to 
which one has no sensitivity 

 
αSpurious exclusionά 

Problem known for a long time, re-
examined in 1990 for LEP Higgs search 
(Alex Read et al)  
Č Led to CLs procedure 31 
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The CLs Procedure 

One tests both hypotheses : b ( =0) 
and s+b ( =1) with the same statistics 

As beforeΣ αlow ǎŜƴǎƛǘƛǾƛǘȅάƳŜŀƴǎ 
the distributions under the two 

hypotheses are very close 

33 
Xavier Prudent ς Seminar IKTP ς 10th Nov. 2011 



The CLs solution is to base the test not on the usual p-value (CLs+b), but 
rather to divide it  by CLb 

Adress a penalty to CLs+b: 
 - if distributions are far away, 1-pb ~< 1, Cls ~CLs+b 
 - if distributions close: effective p-value smaller 
 
CLs is more conservative than CLs+b 
(i.e. can give CL 95% but covers in reality > 95%) 

The CLs Procedure (2) 
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Going Beyond the CLs Procedure: the Power Constrained Limit (PCL) 

Critics on CLs: 
 - exclusion based on ratio of p-values, with no solid foundation 
 - coverage greater than (1- ) by an amount generally not reported 

Proposal by Cowan, Cranmer, Gross, Vitells 
 
Alternative method for protecting against low sensitivity exclusion, 
checking for each value of , it is excluded if: 
 
-   is rejected by the test (p  < a) 
 -  and one has sufficient sensitivity to , i.e. M0( ) > Mmin 

Convention, typically 
larger than  (16-50%) Power of the test of m by respect to =0 hypothesis  
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And now the hard partΧ 

When excluding the background-only hypotheses 

There MUST be an uncertainty on b (and on s, on efficiencies, luminosityΧύ 
Č These are αnuisance parametersά 

 
 

Complicate things enormously, no clearly preferred solution 
 
 
 
But we want a numerical answer where αфл҈ά corresponds at least approximativelly 
to some  definition of probability 
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General comment:  
the main effect of including nuisance 

parameters (systematics) is to broaden the 
distributions, and so decrease significance Z 
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Profil Likelihood Method 

To get the desired p-values, we need the pdf f(q ), which depends on nuisance 
parameters, which we ŘƻƴΨǘ know exactly 
 
Base significance test on the profile likelihood ratio  
(  ̒are the nuisance parametersĄ random variables) 

(absolute maximum) 

(conditionnal maximum) 

Not a fonction of ̒  

Problems:  
 - Has the reputation of underestimate uncertainties 
 - Technically: turns out difficult for large parameter space 
 
In HEP give good performances in many problems 
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Bayesian Method 

The nuisance parameters are eliminated using the Bayes theorem: 

Integrate over the full subset of nuisance parameetersČ gives the posterior PDF 

Prior PDF 

 - Technically easier than profil likelihood 
 - Which choice for the prior ? HEP: mostly use of subjective flat priors 
 - Large parameter space: integration difficult (use of Markov chains MC) 
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Hybrid Method 

Given these difficulties, common in HEP to relax foundationnal rigor: 
 
 
 - treat nuisance parameters in a Bayesian way, while treating the parameter of interest 
in a frequentist way 
 
 - treat nuisance parameters by profile likelihood while treating parameter of interest in 
another way 
 
 - use the Bayesian framework but evaluate the frequentist performances 
 
 
 

Key point: get an approximative correct coverage 
 
 
The  property of the result is more important than the derivationΧ 
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Hybrid Method (2) 

Problems of these hybrid methods: 
 
 - inherits all unresolved issues of Bayesian priors (subjective choice!!) 
 - mixed definitions, there is no guaranteed properties and must be studied case-by-case 
 
 
 
 
Numerous experience: 
 
 - Results for upper limits at 90-95% CL are reasonnable, typically over-covering 
 - A 5  discovery can turn out to be 4.2  (Cranmer PhysStat 2005) 
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Summary and Conclusion 

 Ą wƻōŜǊǘ /ƻǳǎƛƴΥ αStatistics is hardά 
 
 Ą Exclusion limits tell us what hypothesis/parameter values are (in)compatible with data 
  - Frequentist: exclude range where p-val of param < 5 % 
 - Bayesian: low proba to find param in excluded region 
 
Ą Various test statistics available (depends on test power) 
 - variable, likelihood, likehood ratio 
 
Ą Problem of low sensitivity: new test statistics: CLs, PCL 
 
Ą Additionnal (nuisance) parameters can ruin the significance: no rigourous method 
clearly preferred, case-by-case 
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Backup 
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